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Abstract 

We consider a semilinear elliptic system which include the model 
system of the W —strings in the cosmology as a special case. We prove 
existence of multi-string solutions and obtain precise asymptotic de¬ 
cay estimates near infinity for the solutions. As a special case of this 
result we solve an open problem posed in m 
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1 Introduction 


Let Ai, A2, A2, A4 > 0 be given. We consider the following system for (u, rf) in 
R 2 . 

N 

A u = —\ie v — A 2 e n + £*(*-%). ( L1 ) 

3 =1 

A?/ = —X 3 e v — X 4 e u (1.2) 

equipped with the boundary condition 


e u dx + / e v dx < 00 , 


(1.3) 


where we denoted z = x\ + ix 2 G C = R 2 . The system (H3KE2D is the re¬ 
duced form of the Bogomol’nyi type of equations modeling the cosmic strings 
with matter field given by the massive W —boson of the electroweak theory, 
if we choose the coefficients as, 

Ai = 2 mw, A 2 = 4e 2 , A 3 = 1GnG ™w ^ A 4 = 327T Gm^, (1.4) 

e z 

where mw is the mass of the W— boson, e is the charge of the electron, and 
G is the gravitational constant. The points {z±, • • • , Zn} corresponds to the 
location on the (aq, x 2 )~plane of parallel (along the x 3 — axis) strings. See 
EH IH for the derivation of this system from the corresponding Einstein- 
Weinberg-Salam theory as well as interesting physical backgrounds of the 
model. There are many previous mathematical studies on the planar elec¬ 
troweak theory recently! [HI ITOl 21EJ)- In particular in [6J the authors consid¬ 
ered full electroweak held as the matter held coupled with the gravitation. 
In the model from which our system is derive the matter held coupled to 
gravity is the massive IE—boson. I 11 13] the construction of radially sym¬ 
metric solutions(in the case z\ = • • • = z^) of (II. IB - (II.31) is discussed by 
further reduction the system into a single equation, and solving the ordi¬ 
nary differential equation. When the locations of strings are different to 
each other, however, we cannot assume the radial symmetry of the solutions, 
and no existence theory is available. I 11 particular, the author of p3] left 
the construction of solution in this case as an open problem. One of our 
main purpose in this paper is to solve this problem. Actually, we solve the 
existence problem for more general coefficient cases as in JEU-D). The 
following is our main theorem. 

Theorem 1.1 Let N G N U {0}, and Z = {zj}^ =1 be given in R 2 allow¬ 
ing multiplicities. Suppose the coefficients, Ai,A 2 ,A 3 ,A 4 satisfy one of the 
conditions; either 

A 4 A 4 — A 2 A 3 = 0, (1-5) 
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or 


\ 2 

A 1 A 4 — A 2 A 3 7 ^ 0 and —t — < N 1. 

2 A 4 


( 1 . 6 ) 


Then, there exists a constant £± > 0 such that for any e 6 (0,£i) mid any 
Cq > there exists a family of solutions to (u,rj). Moreover, the 

solutions we constructed have the following representations: 


u(z) = In p ea *(z) + £ WiOH) + £ v{ fi (ez), 
V(z) = InPefajW +^W2{£\z\) +£ 2 V^ £ (£z), 

where the functions pi Jz), pl r a (z) are defined by 


Pl,a ( z ) = 


8£ 2N+2 \f(z)f 


X 2 (l + e^\F(z) + J TI \ 2 ) 


2 > 


and 


with 


a 0 ) = 


c 0 £ 


( 1 + £ 2N+2\ F ( z ) + _a rT \2) a 2 


N 

f(z) = (N+ 1) n<* - %), F(z) = / 
i -1 •'» 


= / /m 


(1.7) 

( 1 . 8 ) 


(1.9) 


( 1 . 10 ) 


( 1 . 11 ) 


for k = 1, 2, £ > 0 and a = ai+ia 2 G C. T/ie smooth radial functions, w 1 , W 2 
m Q and El respectively satisfy the asymptotic formula, 


wid^l) = -Ci In |s| + 0 ( 1 ), u> 2 (\z\) = —C 2 In |z| + 0 ( 1 ) 

as \z\ —> 00 , where 

C0A1A2A4 


Oi = 

0 2 = 


2 (IV + 1 )(A 2 + A 4 ) (A 2 + 2 A 4 ) 

O1A4 (A1A4 — A2A3)cq „ ( 1 


A 9 


2 (IV + 1)A 2 


-B 


2A 4 


N+V A 2 N +1 


( 1 . 12 ) 

(1.13) 

(1.14) 


with the beta function (Euler’s integral of the first kind) defined by 

B(x,y)= f i x-1 (l — t) y ~ l dt. Wx,y> 0 
Jo 

(see w The function vl s ,v 2e in o and El respectively satisfy 

KeMI + KeMI 


sup 


ln(e+N) 


<o(l) 


as £ —> 0 . 


(1.15) 
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Remark 1.1. In the physical model of the cosmic strings of W —boson we note 
that the coefficients in (d satisfy P, and the term containing Euler’s 
integral vanishes in dLH to yield 

_ C1A4 _ _ C0A1A4 _ q 

A 2 2(N + 1 )(A 2 + A 4 ) (A 2 + 2 A 4 ) 

as well as C± > 0. Thus, we have extra(additional) contributions from the 
second terms of to the decays of u and r/ in m and m respectively. 

Remark 1.2. In our cosmic strings of IE—boson we do not need smallness 
condition of the constant G for the existence of condition, contrary to the 
other matter models of cosmic strings(see jilt 1121 5j.) 


2 Proof of Theorem 1.1 


We note that for any e > 0 and a G C, In p[ a {z), is a solution of the Liouvillc 
equation (JB])- 


N 


Aln Pl,a( Z ) = - X 2pl, a {z) + 4:TT^5(Z - Z tJ ). 

3 = 1 

We consider the following equation for p r a T £ {z) 

Al ^Pa,e( Z ) = ~ A 4 P T a, e ( Z )- 

From m we have 


A 


N 


ln Pa, £ (^) - 

3 = 1 


Z — Zj 


~ -A2Pa,e(^)' 


Combining (Q with m, we obtain 


N 


a <Xa 

from which we derive 
11 


hl da, £ (-) -^ ln l-- 

3 =1 


- A 2 In Pa,e( z ) } = 


l ^Pa,e( Z ) = 


A 2 


N 


ln Pa, £ (-) - ^2 IU \ Z ~ 

3 = 1 


+ K z )i 


where h(z) is a harmonic function. Choosing h(z) as the constant, 


A 4 , ( !A-2iV-2, r 


h(z) = ---2 In { ^"^A^ [8 (IV + l) 2 ]- 1 ^ 
A 2 


( 2 . 1 ) 


( 2 . 2 ) 


(2.3) 
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we get the form of pl? e {z) given in (11.101) . We set 


9la(z) = 4 Pi,a ( 7 ) > dlfa) = j A p" a Q , 


and define pi(r) and p 2 (r) by 


8 (N + l) 2 r 2N T 

^ (r) = A 2( i+r^ =h m . 9 bM. 


and 


P 2 (r) = 


Co 


= lim n 9e,o( z 
£—>0 


(1 + r 2N ~^) a 2 

respectively. We transform (u,rj) 1 —> (ui, v 2 ) by the formula 
u(z) = In p[ >a (z) + £ 2 wi(e\z\) + e 2 v 1 (ez), 


(2.4) 


r)(z) = In p" b (z) + £ 2 w 2 {e\z\) + £ 2 v 2 (£z), (2.5) 

where w\ and w 2 are the radial functions to be determined below. Then, using 
m, the system can be written as the functional equation, P(vi,v 2 ,a,£) = 
( 0 , 0 ), where 


Pi{vi, v 2 , a, e) = Avi + \ 1 g I a * e (z)e £2{w2+V2) + X 2 
and 


i£,a\ 


.^ e e 2 {w 1 +v 1 ) _ !) + Awi , 
( 2 . 6 ) 


P 2 (v 1 ,v 2 ,a,£) = Av 2 + X 3 g^ a (z)e £2(w2+V2) + A 4 ^’ a 2 (e‘ 


e 2 (uii+tii) 


1) + Aw 2 . 
(2.7) 


Now we introduce the functions spaces introduced in |3]. For a > 0 the 
Banach spaces X a and Y a are dehned as 


X a = {116 L 2 oc (R 2 ) I f (1 + \x\ 2+a )\u(x)\ 2 dx < cx)} 

Jr 2 


equipped with the norm ||u||^- = f R2 ( 1 + \x\ 2+a )\u(x)\ 2 dx, and 


Ya = {ne W% 2 (R 2 ) I \\Au\\ 2 Xa + 

equipped with the norm 11 u\ | y n = ||An||^ + 
following propositions proved in |i|. 


U[X) 


1 4 - 


2 

< OO} 

L 2 (R 2 ) 


2 

L 2 (R2) - We recall the 


Proposition 2.1 Let Y a be the function space introduced above. Then we 
have the followings. 
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(%) If v G Y a is a harmonic function, then v = constant, 
(ii) There exists a constant C > 0 such that for all v G Y a 
|u(x)| < C'II^IIy^ ln(e + |x|), Vx G M 2 . 


Proposition 2.2 Let a G (0, |) ; and let us set 


where 


We have 


L — A + p : Y a —> X a . 

^ 8(A + l) 2 \z\ 2N 

P(^) P{\ Z \) ^ _|_ |^|27V+2)2 ‘ 

KerL = Span{ip + , 920 } , 


where we denoted 


, r N+1 cost N +1)9 . r N+1 sm(N + l)9 

T+W 9) = - , , 9N , 9 -, <p-(r, 9) = 


_|_ y 2 N -\-2 


and 


^ _ r 2iV+2 
_ l 1 r 27V+2 ‘ 


Moreover, we have 


( 2 . 8 ) 


_J_ y>2N + 2 


(2.9) 


( 2 . 10 ) 


( 2 . 11 ) 


ImL = {/ G X a \ / f<p± = 0}. 


( 2 . 12 ) 


Hereafter, we fix a = 4, and set Xi = X and Yi = Y. 

Using Proposition 2.1 (ii), one can check easily that for e > 0 P is a well 

defined continuous mapping from B eo into X 2 , where we set B eo = {||ui||y + 

||n 2 ||y + |a.| 2 < £ 0 }) f° r sufficiently small e 0 . In order to extend continuously 
P to e = 0 the radial functions wi(r),w 2 (r) should satisfy 

Awi + A 2 piWi + Aip 2 = 0 (2.13) 

Aw 2 + A 4 piU7i + A 3 p 2 = 0 (2-14) 

For the existence and asymptotic properties of W\ and W 2 we have the fol¬ 
lowing lemma, which is a part of Theorem 1.1. 

Lemma 2.1 There exist radial solutions tai(|z|), w 2 (|z|) of \2. lift) - \2. Iff) be¬ 
longing to Y, which satisfy the asymptotic formula in (tm.Kmfrm 
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Proof: Let us set /(r) = pi(r). Then, it is found in [2J0J that the ordinary 
differential equation(with respect to r), Awi + Cip\Wi = /(r) has a solution 
W\ (r) G Y given by 


wi(r) = <p 0 (r) 


M s ) - M 1 ) ds + ^A 1 ) 7- 


with 


4>f{r) ■ = 


1 + r 


Jo (1 - s) 2 

2 N +2 \ 2 (^i — r p r r 


_ j> 2 N ~\~2 


1 — r 


Vo 


(2.15) 


where 0/(1) and tfi(l) are defined as limits of 0 /(r) and w\ (r) as r 
From the formula ■ rm we hnd that 


w\ (r) = <p 0 (r) 


as r —> oo, where 


l + s 2iV+2 V 7(s) 

X _ s 2Af+2 


-ds + (bounded function of r) 


/(s) = Ai / ip 0 (t)tp 2 (t)dt. 


Since <po (r) —> — 1 as r —> oo, the first part of ( 11 . 121 ) follows if we show 

poo 

/ = /(oo) = Ai / ip 0 (r)rp 2 {r)dr = C 1 . 

Jo 

Changing variable r 2JV+2 = t, we evaluate 

poo 

I = Ai / (po(r)p 2 (r)rdr 


c oAi 
CqAi 


poo 

1 

-i 

to 

II 

^4iV+2 

L 

(1 +r 27V 2 +2)3+^ 

(1 + r 27V 2 +2) 3 +^_ 


2(iV + 1) 

J° (l + i) 

C 0 A 1 

1 

2(7V+1) 

2 +ff 

C 0 A 1 A 2 A 4 


3+Al 

a 2 


dt 


t 


o I ^ a 4 

(1 + t) + 


rdr 


dt 


2A 4 

A2 


2A 4 

A2 


= C?!. 


2 (iV + 1)(A2 + A 4 ) (A 2 + 2 A 4 ) 

In order to obtain C0 we hnd from dm and (EH that 

A(A 4 Wi — X 2 u> 2 ) = ( —A1A4 + A 2 A 3 )p 25 


(2.16) 
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from which we have 


/ \ A4 / \ A1A4 — A2A3 

W2{Z) = —W 1 (Z) + - — - 

A 2 ZTIA 2 Jr 2 

A4C1 ,,,, A1A4 — A2A3 
111 \z\ + 


M\ z ~ y\)P 2 (\y\)dy 


A 9 




p 2 {\y\)dy 


In \z\ + 0 ( 1 ) 

(2.17) 


as 


\z\ —> 00 . In the case A 1 A 4 — A 2 A 3 = 0, we have C 2 = ALA. In the case 


> atTTi we compute the integral as follows. 


AT+l 


Pz{\y\)dy = 2v tc 0 


' 0 ^2. -\- 7-2./V+2^ A 2 


-dr 


7TC 0 


t N + 1 


N +^0 {1+t) ^ 


■dt 


2N+2 


= t) 


TTCq 


B 


2 X 4 


N + 1 \N + V A 2 N + lj ’ 
where we used the formula(See pp. 322j7jJ) for the beta function 
f°° x M_1 

/ -- —dx = B(/x, v — n), where v > p. 

Jo (1 + x) v 

Substituting (12.1811 into (12.1711 . we have w 2 (z) = — C 2 In |z|+0(l) as \z\ — 
where C 2 is given by (irra . This completes the proof of Lemma 2.1 □ 


(2.18) 


OO, 


Now we compute the linearized operator of P. 
By direct computation we have 


dgL(z) 


lim 

e^o dai 


a =0 


, ,. 9g T (z) 

= -4pi<p + , hm —- 

da 2 


= -4pi<p_, 


< 2=0 


r dgZ( z ) 

hm 


£—>o dai 


a =0 


dgiUz) 

= -4p 2 <p + , lim —+ - 

e—>0 UCL 2 


= -4p 2 <p_. 


a =0 


Let us set P^ (0, 0, 0, 0) = A. Then, using the above preliminary computa¬ 

tions, we obtain 


Ah, «] = A1/1 + X 2 p\U\ - 4(A 2 Wipi + Aip 2 )(p+ai + <P-« 2 ), 


and 


i 2 h, ^ 2 ,«] = Az / 2 + A 4 pi<zi - 4(A 4 u>ipi + A 3 p 2 )(<p + ai + <p_a 2 ). 


We establish the following lemma for the operator A. 



























Lemma 2.2 The operator A : Y 2 x C x M + defined above is onto. Moreover, 
kernel of A is given by 

KerA = Span{{ 0,1); (<p±, ^<p±), (<Po, 7 V 0 )} x {(0, 0 )}. 

A2 A2 

Thus, if we decompose Y 2 x C = U © KerA, where we set U = (KerA) 2 -, 
then A is an isomorphism from U onto X 2 . 

In order to prove the above lemma we need to establish the following. 


Proposition 2.3 


I± := / (A 2 wipi + Ai p 2 )<p±dx ^ 0 . 


(2.19) 


Proof: In order to transform the integrals we use the formula 


[16(1 + r 2N+2 y 


2 4JV+2 


(N + l) 2 r 

(1 _|_ r 2AT+2j4 ’ 


WN G Z_, 


which can be verihed by an elementary computation. Using this, we have 
the following 

o2tt roc „2N+2 


(A 2 wipi + Ai p2)T±dx = 

r°° r 8 (iv + i) 2 r 2N 
l 0 [ (1 + r 2N + 2 ) 2 
1 


= 7r 


(A 2 icipi + Aip 2 ) 

.r.2 N+2 


r 


= n 


= 7r 


fOO | 

— L 


'0 


'0 


fOO | 

-Lw i 


(]_ + r 2N+2\2 

1 


wi + Aip 2 

w i + 


+ 


J (1 + r 2N+2 ) 2 

Ai p 2 r 2N+2 
(]_ _p r 2JV+ 2 )2 J 

Aip 2 r 2A,+2 


(1 r 27V+2-)2 

rdr 


cos 2 (lV + 1)0 
sin 2 (iV + 1)6 


rdrdO 


rdr 


— 7tAiC 0 

ttAiC 0 
~~ 2 

ttAiC 0 


(1 + r 2N+2 ) 2 (1 + r 2N+2 ) 2 

„2iV+2 


P 2 . 


+ 


f> 2 ^ 


j 2(l + r 2JV+2 ) 2 (l-g r 27V+2^2 


rdr 

rdr 


„2iV+2 _ i 


' oi ^4 

0 (1 -j- r 2iV+2) 2 + — 

/•' -1 


-rdr = 


ttAiC 0 


t N+l _ 


'0 (i + ^+i) 2+ ^ 


2A 4 


dt + 


do (l +i iV+ 1 )2+^ 
t N +l _ 1 

dt 


■d.t (r 2 = t) 


h (i + t N+if+% 


2A 4 


(Changing variable t —> 1/t in the second integral,) 


ttAiCo 

4 

ttAiCq 


lN+1 


2A 4 


■dt -\- 


’ 0 | 2A 4 

[Jo (i + t^+i) 2+ — 


^✓\ 4 

( f ^ 1 - 1)(1 - f ~) 


f 1 (l-t N+ 1 )t^ 

I o | 2-^4 

'o (l+t^+i) 2+ — 


■dt 


1 o (1 + t^ 1 ) 


2 + 


2A 4 


dt < 0. 
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This completes the proof of the proposition. □ 


We are now ready to prove Lemma 2.2. 

Proof of Lemma 2.2: Given (/ 1; / 2 ) G X 2 , we want first to show that there 
exists (ui, u 2 ) G Y 2 , ai, a 2 G M such that 

A(vi, 1 / 2 , an, a 2 ) = (fij 2 ), 


which can be rewritten as 


Az/i + A 2 pi^i — 4(A 2 wipi + Aip 2 )((p + oi + p-a 2 ) — / 1 , (2.20) 


and 


Az / 2 + A 4 P 1 Z /1 — 4(A4WiPi + A3p 2 )(<p + ai + <p_o 2 ) — f 2 . 
Let us set 


41 


4/_ 


where I± ^ 0 is dehned in (12.1911 . We introduce / by 

fi = fi — «i<p+ — oi 2 (p—. 


Using the fact 


r2 -rr 


we hnd easily 


Lp + Lp-d6 = 0 , 


fi<P±dx = 0. 


( 2 . 21 ) 


«i = tt / fi<P+dx, «2 = -tt / f2<P-dx, (2-22) 


(2.23) 


(2.24) 


(2.25) 


Hence, by (ITT2D there exists G F such that Aui + A 2 piz/i = f\. Thus we 
have found {yi,ai,a 2 ) G Y x M 2 satisfying (12.2011 . Given such (z/i,«i,a 2 ), 
the function 


M z ) = 7 t ln (\ z ~y\)9(y)dy + ci, 

27T Jm 2 


(2.26) 


where 

9 = f2~ A 4 pi^i + 4(A 4 wiPi + A 3 p 2 )((p + oi + <p_a 2 ), 

and Ci is any constant, satisfies ra, and belongs to F. We have just 
finished the proof that A : F 2 xl 2 -> A 2 is onto. 

We now show that the restricted operator (denoted by the same symbol), 
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A : (.KerL © Span{ l}) -1 xI 2 -> X 2 is one to one. Given (zq, u 2 , a±, a 2 ) € 
(. KerL® Span{ I}) 2 - x IR 2 , let us consider the equation, A{yi, u 2 , aq, a 2 ) = 
(0,0), which corresponds to 

Aiq + A 2 pi^i — 4(A 2 Wipi + \ip 2 ){(p+ai + </9_cx 2 ) = 0, (2.27) 

and 

Xu 2 + X/^piUi — 4(A 4 Wipi + A 3 p 2 ) ((p_|_oq + (p_cx 2 ) = 0. (2.28) 

Taking L 2 (IR 2 ) inner product of flZ2H) with (p±, and using danp , we hnd 
= a 2 = 0. Thus, flZZH) implies zq G KerL. This, combined with the hy¬ 
pothesis ui G (KerL) 2 - leads to u x = 0. Now, (12.281) is reduced to A u 2 = 0. 
Since u 2 G Y, Proposition 2.1 implies u 2 = constant. Since u 2 G (5pan{l})- L 
by hypothesis, we have u 2 = 0. This completes the proof of the lemma. □ 

We are now ready to prove our main theorem. 

Proof of Theorem 1.1: Let us set 

U = (KerL © Span-fl}) -1 x R 2 . 

Then, Lemma 2.2 shows that P^ vi V2 Q )(0, 0, 0, 0) : U —> X 2 is an isomorphism. 
Then, the standard implicit function theorem(See e.g. [Hj), applied to the 
functional P : U x (—£o,£o) —> X 2 , implies that there exists a constant 
£i G (0,£o) an d a continuous function £ Vb* := {vi.,v$ e ,a* e ) from (0,£i) 
into a neighborhood of 0 in U such that 

P( V l,sP’ 2 , £ > a e) = (0)0)> for a ll £ £ (0, £i). 

This completes the proof of Theorem 1.1. The representation of solutions 
ui,u 2 , and the explicit form of p[ a ,(z), pi I at (z), , together with the asymp¬ 
totic behaviors of wi,w 2 described in Lemma 2.1, and the fact that v* e , v* 2e G 
Y, combined with Proposition 2.1, implies that the solutions satisfy the 
boundary condition in m■ Now, from Proposition 2.1 we obtain that for 
each j = 1, 2, 

\v*j,e( x )\ x C||v* J y (ln + |x| + 1) < CU e \\u(ln + \x\ + 1). (2.29) 

This implies then 

\v* je (sx)\ < C||'0 £ || [ /(ln + \ex\ + 1) < C'||'0 £ || [ /(ln + |x| + 1 ).cxxc 

From the continuity of the function £ i—> ?/y from (0, £o) into U and the fact 
■0 q — 0 we have 

11 ip e 11 u —> 0 as £ —> 0. (2.30) 

The proof of (11.151) follows from (EH1 combined with This completes 

the proof of Theorem !.!□ 
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